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ROTATIONAL SYMMETRY OF ANCIENT SOLUTIONS TO
THE RICCI FLOW IN DIMENSION 3 – THE COMPACT
CASE
SIMON BRENDLE
Abstract. In [4], we proved that every noncompact ancient κ-solution
to the Ricci flow in dimension 3 is either locally isometric to a family
of shrinking cylinders, or isometric to the Bryant soliton. In the same
paper, we announced that the same method implies that compact an-
cient κ-solutions are rotationally symmetric. In this note we provide the
details of this argument.
1. Introduction
In a recent paper [4], we proved:
Theorem 1.1. Assume that (M,g(t)) is a three-dimensional ancient κ-
solution which is noncompact. Then (M,g(t)) is isometric to either a family
of shrinking cylinders (or a quotient thereof), or to the Bryant soliton.
Theorem 1.1 confirms a conjecture of Perelman [5].
The proof of Theorem 1.1 relies on a number of crucial ingredients: first,
Perelman’s Canonical Neighborhood Theorem for ancient κ-solutions; sec-
ond, an estimate due to Anderson-Chow [1] for the parabolic Lichnerowicz
equation; third, the classification of κ-noncollapsed steady gradient Ricci
solitons (cf. [3]); fourth, the classification of ancient κ-solutions with rota-
tional symmetry (cf. [4], Part 1); and fifth, the Neck Improvement Theorem,
which asserts that a neck becomes more and more rotationally symmetric
under the evolution (cf. [4], Part 2).
As we announced in our November 6, 2018 preprint, the arguments in that
paper also imply that compact ancient κ-solutions are rotationally symmet-
ric:
Theorem 1.2. Let (M,g(t)) be a three-dimensional ancient κ-solution which
is compact and simply connected. Then (M,g(t)) is rotationally symmetric.
In this short note, we will explain how Theorem 1.2 follows from the
results and techniques developed in [4].
After the proof of Theorem 1.2 was written, we have learned of an alter-
native approach by Bamler-Kleiner [2].
The author was supported by the National Science Foundation under grant DMS-
1806190 and by the Simons Foundation.
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2. Structure of compact ancient κ-solutions
In this section, we recall some basic facts about the structure of compact
ancient κ-solutions. Throughout this section, we assume that (M,g(t)) is
a three-dimensional ancient κ-solution which is compact and simply con-
nected. Moreover, we assume that (M,g(t)) is not a family of shrinking
round spheres. Roughly speaking, if −t is large, then the manifold (M,g(t))
will have the structure of a tube with two caps attached on each side, and
each of these caps look like a piece of the Bryant soliton. In the following,
we make this precise.
Proposition 2.1. The asymptotic shrinking soliton associated with (M,g(t))
is a cylinder.
Proof. By Perelman’s classification of shrinking gradient Ricci solitons
in dimension 3 (cf. [6]), the asymptotic shrinking soliton associated with
(M,g(t)) is either a sphere or a cylinder. If the asymptotic shrinking soliton
associated with (M,g(t)) is a sphere, then, by Hamilton’s curvature pinching
estimates, the solution (M,g(t)) has constant sectional curvature for each t,
contrary to our assumption.
Proposition 2.2. Let (xk, tk) be an arbitrary sequence of points in space-
time satisfying limk→∞ tk = −∞. Let us perform a parabolic rescaling
around the point (xk, tk) by the factor R(xk, tk). After passing to a sub-
sequence, the rescaled flows converge to a limit which is either a family of
shrinking cylinders or the Bryant soliton.
Proof. By Perelman’s work [5], the rescaled manifolds converge to an an-
cient κ-solution. If the limiting ancient solution is noncompact, then, by [4],
it must be either a family of shrinking cylinders or the Bryant soliton, and we
are done. Hence, it remains to consider the case when the limiting ancient so-
lution is compact. In this case, we have lim supk→∞R(xk, tk) diamg(tk)(M)
2 <
∞ and furthermore lim supk→∞R(xk, tk)
−1 supM R(x, tk) < ∞. Putting
these facts together gives lim supk→∞ diamg(tk)(M)
2 supM R(x, tk) < ∞.
This implies that (M,g(tk)) cannot contain arbitrarily long necks. On the
other hand, since the asymptotic shrinking soliton is a cylinder by Proposi-
tion 2.1, we know that (M,g(tk)) must contain arbitrarily long necks if k is
sufficiently large. This is a contradiction.
In the next step, we fix a small number ε1 > 0. For later purposes, it is
important that we choose ε1 small enough so that the Neck Improvement
Theorem in [4] holds. Let us fix a small number θ > 0 with the following
property: if (x, t) is a point in space-time satisfying λ1(x, t) ≤ θR(x, t), then
the point (x, t) lies at the center of an evolving ε1-neck.
Proposition 2.3. If −t is sufficiently large, then we can find two disjoint
domains D1 and D2 (depending on t
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• For each point x ∈ M \ (D1 ∪D2), we have λ1(x, t) ≤ θR(x, t). In
particular, the point (x, t) lies at the center of an evolving ε1-neck.
• D1 and D2 are diffeomorphic to B
3.
• ∂D1 and ∂D2 are leafs of Hamilton’s CMC foliation.
• There exists a point q1 ∈ ∂D1 where λ1(q1, t) ≥
2
3 θR(q1, t).
• There exists a point q2 ∈ ∂D2 where λ1(q2, t) ≥
2
3 θR(q2, t).
Proof. By Proposition 2.1, the asymptotic soliton is a cylinder. Hence,
if −t is large, there is a point q ∈ M (depending on t) where λ1(q, t) ≤
1
2 θR(q, t). In particular, (q, t) lies at the center of an ε1-neck. We follow
this neck to each side until we encounter a point with λ1 ≥
3
4 θR. From this,
the assertion follows.
Proposition 2.4. Consider a sequence of times tk → −∞. Let D1,k and
D2,k denote the domains defined in the previous proposition, and Let q1,k
and q2,k be defined as in the previous proposition. If we rescale around the
point (q1,k, tk), then the rescaled flows converge in the Cheeger-Gromov sense
to the Bryant soliton. Similarly, if we rescale around the point (q2,k, tk),
then the rescaled flows converge in the Cheeger-Gromov sense to the Bryant
soliton.
Proof. We know that the rescaling limit is either a family of shrink-
ing cylinders or the Bryant soliton. Since λ1(q1,k, tk) ≥
1
2 θR(q1,k, tk) and
λ1(q2,k, tk) ≥
1
2 θR(q2,k, tk), the limit cannot be a cylinder, so it must be the
Bryant soliton.
Corollary 2.5. If −t is sufficiently large, then λ1(x, t) ≥
1
2 θR(x, t) for each
x ∈ D1 ∪D2.
Proof. If −t is sufficiently large, the domain D1 will be arbitrarily close
to a subset of the Bryant soliton after rescaling. Since λ1 ≥
2
3 θR at some
point on ∂D1, it follows that λ1 ≥
1
2 θR in D1. An analogous statement
gives λ2 ≥
1
2 θR in D2.
Corollary 2.6. If −t is sufficiently large, then there exists a unique point
p1 ∈ D1 (depending on t) such that R(p1, t) = supx∈D1 R(x, t). Similarly,
there exists a unique point p2 ∈ D2 (depending on t) such that R(p2, t) =
supx∈D1 R(x, t).
Proposition 2.7. Suppose we are given a large constant Q. Suppose that −t
is sufficiently large (depending in Q), and let p1, p2 be defined as in Corollary
2.6. Then the balls Bg(t)(p1, QR(p1, t)
−
1
2 ) and Bg(t)(p2, QR(p2, t)
−
1
2 ) are
disjoint.
Proof. There exists a small constant β > 0 such that λ1(x, t) ≥ βR(x, t)
for all x ∈ Bg(t)(p1, QR(p1, t)
−
1
2 ) ∪ Bg(t)(p2, QR(p2, t)
−
1
2 ). On the other
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hand, Proposition 2.1 implies that, for −t sufficiently large, we can find a
neck N ⊂M \(D1∪D2) with the property that λ1(x, t) < βR(x, t) for all x ∈
N . This gives Bg(t)(p1, QR(p1, t)
−
1
2 )∩N = Bg(t)(p2, QR(p2, t)
−
1
2 )∩N = ∅.
The balls Bg(t)(p1, QR(p1, t)
−
1
2 ) and Bg(t)(p2, QR(p2, t)
−
1
2 ) lie in different
connected components of M \N , and hence must be disjoint.
Proposition 2.8. Let ε > 0 be given. Then there exists a large con-
stant Q (depending on ε) with the following property. Suppose that −t
is sufficiently large, and let p1, p2 be defined as in Corollary 2.6. More-
over, suppose that x is a point satisfying dg(t)(p1, x) ≥ QR(p1, t)
−
1
2 and
dg(t)(p2, x) ≥ QR(p2, t)
−
1
2 . Then (x, t) lies on an evolving ε-neck.
Proof. Suppose this is false. Then there exists a sequence of times tk →
−∞ and a sequence of points (xk, tk) in space-time such that dg(tk)(pk,1, xk)
2R(p1,k, tk)→
∞, dg(tk)(pk,1, xk)
2R(p2,k, tk) → ∞, and (xk, tk) does not lie on an evolv-
ing ε-neck. Clearly, xk ∈ M \ (D1,k ∪ D2,k) for k large. In particular,
(xk, tk) lies on an ε1-neck. Let Σk denote the leaf of the CMC foliation
passing through (xk, tk). We now rescale the flow around (xk, tk) by the
factor R(xk, tk), and pass to the limit as k → ∞. Since (xk, tk) does not
lie on an ε-neck, the limit cannot be a cylinder. Consequently, the limit
must be the Bryant soliton. Therefore, we can find a domain Ωk ⊂ M
such that ∂Ωk = Σk, lim supk→∞ diamg(tk)(Ωk)
2 supx∈Ωk R(x, tk) < ∞. If
k is sufficiently large, we either have p1,k ∈ Ωk or p2,k ∈ Ωk. If p1,k ∈ Ωk,
then lim infk→∞ dg(tk)(p1,k, xk)
2R(p1,k, tk) < ∞, contrary to our assump-
tion. Similarly, if p1,k ∈ Ωk, then lim infk→∞ dg(tk)(p2,k, xk)
2R(p2,k, tk) <
∞, which again contradicts our assumption.
3. Proof of rotational symmetry
In this section, we give the proof of rotational symmetry. Throughout
this section, we assume that (M,g(t)) is a three-dimensional ancient κ-
solution which is compact and simply connected. Moreover, we assume that
(M,g(t)) is not a family of shrinking round spheres. We claim that (M,g(t))
is rotationally symmetric. The proof is by contradiction, and we will assume
throughout this section that (M,g(t)) is not rotationally symmetric.
We begin with a definition, which is adapted from [4]:
Definition 3.1. We say that (M,g(t¯)) is ε-symmetric if there exist a com-
pact domain D ⊂ M and time-independent vector fields U (1), U (2), U (3) on
D with the following properties:
• The domain D is a disjoint union of two domains D1 and D2, each
of which is diffeomorphic to B3.
• ∂D1 and ∂D2 are leaves of Hamilton’s CMC foliation of (M,g(t¯)).
We put ρ−21 := supx∈D1 R(x, t¯) and ρ
−2
2 := supx∈D2 R(x, t¯).
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• λ1(x, t¯) ≤ θR(x, t¯) for all points x ∈M \D.
• λ1(x, t¯) ≥
1
2 θR(x, t¯) for all points x ∈ D.
• For each x ∈ M \D, the point (x, t¯) is ε-symmetric in the sense of
[4].
• supD1×[t¯−ρ21,t¯]
∑2
l=0
∑3
a=1 ρ
2l
1 |D
l(LU (a)(g(t)))|
2 ≤ ε2.
• supD2×[t¯−ρ22,t¯]
∑2
l=0
∑3
a=1 ρ
2l
2 |D
l(LU (a)(g(t)))|
2 ≤ ε2.
• If Σ ⊂ D1 is a leaf of the CMC foliation of (M,g(t¯)) which has dis-
tance at most areag(t¯)(∂D1)
1
2 from ∂D1, then supΣ
∑3
a=1 ρ
−2
1 |〈U
(a), ν〉|2 ≤
ε2, where ν denotes the unit normal vector to Σ in (M,g(t¯)).
• If Σ ⊂ D2 is a leaf of the CMC foliation of (M,g(t¯)) which has dis-
tance at most areag(t¯)(∂D2)
1
2 from ∂D2, then supΣ
∑3
a=1 ρ
−2
2 |〈U
(a), ν〉|2 ≤
ε2, where ν denotes the unit normal vector to Σ in (M,g(t¯)).
• If Σ ⊂ D1 is a leaf of the CMC foliation of (M,g(t¯)) which has
distance at most areag(t¯)(∂D1)
1
2 from ∂D1, then
3∑
a,b=1
∣∣∣∣δab − areag(t¯)(Σ)−2
∫
Σ
〈U (a), U (b)〉 dµg(t¯)
∣∣∣∣
2
≤ ε2.
• If Σ ⊂ D2 is a leaf of the CMC foliation of (M,g(t¯)) which has
distance at most areag(t¯)(∂D2)
1
2 from ∂D2, then
3∑
a,b=1
∣∣∣∣δab − areag(t¯)(Σ)−2
∫
Σ
〈U (a), U (b)〉 dµg(t¯)
∣∣∣∣
2
≤ ε2.
Proposition 3.2. Let ε > 0 be given. If −t is sufficiently large (depending
on ε), then (M,g(t)) is ε-symmetric.
Proof. This follows from Proposition 2.4 together with Proposition 2.8.
We next consider an arbitrary sequence εk → 0. For k large, we define
tk = inf{t ∈ (−∞, 0] : (M,g(t)) is not εk-symmetric}.
Clearly, (M,g(t)) is εk-symmetric for each t ∈ (−∞, tk). If lim supk→∞ tk >
−∞, then we conclude that (M,g(t)) is rotationally symmetric for −t suffi-
ciently large, and this contradicts our assumption. Therefore, lim supk→∞ tk =
−∞.
Lemma 3.3. If t ∈ (−∞, tk), then (M,g(t)) is εk-symmetric. In partic-
ular, if (x, t) ∈ M × (−∞, tk) is a point in spacetime satisfying λ1(x, t) <
1
2θR(x, t), then the point (x, t) is εk-symmetric.
Proof. The first statement follows directly from the definition of tk. The
second statement follows from Definition 3.1.
For each t, we denote by p1,t and p2,t the local maxima of scalar cur-
vature constructed in Corollary 2.6. Let L denote the constant in the
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Neck Improvement Theorem in [4]. By Proposition 2.8, we can find a
time T ∈ (−∞, 0] and a large constant Λ with the following property: if
t¯ ≤ T and dg(t¯)(p1,t¯, x) ≥ ΛR(p1,t¯, t¯)
−
1
2 and dg(t¯)(p2,t¯, x) ≥ ΛR(p2,t¯, t¯)
−
1
2 ,
then λ1(x, t) <
1
2θR(x, t) for all points (x, t) ∈ Bg(t¯)(x¯, LR(x¯, t¯)
−
1
2 ) × [t¯ −
LR(x¯, t¯)−1, t¯].
Lemma 3.4. Suppose that t¯ ∈ (−∞, tk] and dg(t¯)(p1,t¯, x) ≥ ΛR(p1,t¯, t¯)
−
1
2
and dg(t¯)(p2,t¯, x) ≥ ΛR(p2,t¯, t¯)
−
1
2 . Then (x¯, t¯) is εk2 -symmetric.
Proof. By our choice of Λ, every point in the parabolic neighborhood
Bg(t¯)(x¯, LR(x¯, t¯)
−
1
2 )×[t¯−LR(x¯, t¯)−1, t¯] satisfies λ1(x, t) <
1
2θR(x, t). By our
choice of θ, every point in the parabolic neighborhoodBg(t¯)(x¯, LR(x¯, t¯)
−
1
2 )×
[t¯ − LR(x¯, t¯)−1, t¯] lies at the center of an evolving ε1-neck. Moreover, by
Lemma 3.3, every point in the parabolic neighborhoodBg(t¯)(x¯, LR(x¯, t¯)
−
1
2 )×
[t¯− LR(x¯, t¯)−1, t¯) is ε-symmetric. Hence, the Neck Improvement Theorem
in [4] implies that (x¯, t¯) is εk2 -symmetric.
Proposition 3.5. If we rescale the solution around (p1,tk , tk) by the factor
ρ−21,k := R(p1,tk , tk), then the rescaled flows converge to the Bryant soliton.
Similarly, if we rescale the solution around (p1,tk , tk) by the factor ρ
−2
2,k :=
R(p2,tk , tk), then the rescaled flows converge to the Bryant soliton.
Proof. Since we know that tk → −∞, this follows from Proposition 2.4.
Corollary 3.6. There exists a sequence δk → 0 such that the following
statements hold when k is sufficiently large:
• The points p1,t depends smoothly on t, and |
d
dt
p1,t|g(t) ≤ δkρ
−1
1,k for
t ∈ [tk − δ
−1
k ρ
2
1,k, tk].
• The points p2,t depends smoothly on t, and |
d
dt
p2,t|g(t) ≤ δkρ
−1
2,k for
t ∈ [tk − δ
−1
k ρ
2
2,k, tk].
• The scalar curvature satisfies 12K (ρ
−1
1,k dg(t)(p1,t, x)+1)
−1 ≤ ρ21,k R(x, t) ≤
2K (ρ−11,k dg(1,t)(p1,t, x)+1)
−1 for all points (x, t) ∈ Bg(tk)(p1,tk , δ
−1
k ρ1,k)×
[tk − δ
−1
k ρ
2
1,k, tk].
• The scalar curvature satisfies 12K (ρ
−1
2,k dg(t)(p2,t, x)+1)
−1 ≤ ρ22,k R(x, t) ≤
2K (ρ−12,k dg(2,t)(p2,t, x)+1)
−1 for all points (x, t) ∈ Bg(tk)(p2,tk , δ
−1
k ρ2,k)×
[tk − δ
−1
k ρ
2
2,k, tk].
• There exists a nonnegative function f : Bg(tk)(p1,tk , δ
−1
k ρ1,k) × [tk −
δ−1k ρ
2
1,k, tk]→ R such that |Ric−D
2f | ≤ δkρ
−2
1,k, |∆f+|∇f |
2−ρ−21,k| ≤
δkρ
−2
1,k, and |
∂
∂t
f+ |∇f |2| ≤ δkρ
−2
1,k. Moreover, the function f satisfies
1
2K (ρ
−1
1,k dg(t)(p1,t, x) + 1) ≤ f(x, t) + 1 ≤ 2K (ρ
−1
1,k dg(t)(p1,t, x) + 1)
for all points (x, t) ∈ Bg(tk)(p1,tk , δ
−1
k ρ1,k)× [tk − δ
−1
k ρ
2
1,k, tk].
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• There exists a nonnegative function f : Bg(tk)(p2,tk , δ
−1
k ρ2,k) × [tk −
δ−1k ρ
2
2,k, tk]→ R such that |Ric−D
2f | ≤ δkρ
−2
2,k, |∆f+|∇f |
2−ρ−22,k| ≤
δkρ
−2
2,k, and |
∂
∂t
f+ |∇f |2| ≤ δkρ
−2
2,k. Moreover, the function f satisfies
1
2K (ρ
−1
2,k dg(t)(p2,t, x) + 1) ≤ f(x, t) + 1 ≤ 2K (ρ
−1
2,k dg(t)(p2,t, x) + 1)
for all points (x, t) ∈ Bg(tk)(p2,tk , δ
−1
k ρ2,k)× [tk − δ
−1
k ρ
2
2,k, tk].
Here, K is a numerical constant. Finally, by a suitable choice of δk, we can
arrange that for each t ∈ (−∞, tk] the balls Bg(t)(p1,t, δ
−2
k R(p1,t, t)
−
1
2 ) and
Bg(t)(p2,t, δ
−2
k R(p2,t, t)
−
1
2 ) are disjoint.
Proof. All statements except for the last one follow immediately from
Proposition 3.5. The last statement follows from Proposition 2.7.
Proposition 3.7. If (x¯, t¯) ∈M × [tk − 2
−jδ−1k ρ
2
1,k, tk] satisfies 2
j
400 Λρ1,k ≤
dg(t¯)(p1,t¯, x¯) ≤ (400KL)
−j δ−1k ρ1,k, then (x¯, t¯) is 2
−j−1εk-symmetric. Simi-
larly, if (x¯, t¯) ∈M× [tk−2
−jδ−1k ρ
2
2,k, tk] satisfies 2
j
400 Λρ2,k ≤ dg(t¯)(p2,t¯, x¯) ≤
(400KL)−j δ−1k ρ2,k, then (x¯, t¯) is 2
−j−1εk-symmetric.
Proof. The proof is by induction on j. We first verify the assertion
for j = 0. Suppose that (x¯, t¯) ∈ M × [tk − 2
−jδ−1k ρ
2
1,k, tk] satisfies Λρ1,k ≤
dg(t¯)(p1,t¯, x¯) ≤ δ
−1
k ρ1,k. By Corollary 3.6, the ballsBg(t¯)(p1,t¯, δ
−2
k R(p1,t¯, t¯)
−
1
2 )
and Bg(t¯)(p2,t¯, δ
−2
k R(p2,t, t¯)
−
1
2 ) are disjoint. Since dg(t¯)(p1,t¯, x¯) ≤ δ
−1
k ρ1,k, we
must have dg(t¯)(p2,t¯, x¯) ≥ δ
−1
k ρ2,k. Hence, Lemma 3.4 implies that (x¯, t¯) is
ε
2 -symmetric. This proves the assertion for j = 0. The inductive step follows
by an application of the Neck Improvement Theorem. The argument is the
same as the proof of Proposition 9.11 in [4].
Proposition 3.8. If k is sufficiently large, then (M,g(tk)) is
εk
2 -symmetric.
Proof. The arguments in Section 9 of [4] go through unchanged.
Proposition 3.8 contradicts the definition of tk. This completes the proof
of Theorem 1.2.
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